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1. INTRODUCTION
Muckenhoupt in [4] studied Poisson integrals for Laguerre polynomial
expansions. He considered the Poisson integral A(f)(r, x) of a function
f ¥ Lp(za exp(−z)), a > −1, defined by
A(f)(r, x)=A(f; r, x)=F.
0
K(r, x, z) f(z) za exp(−z) dz, 0 < r < 1
(1)
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Muckenhoupt proved in [4] that if f ¥ Lp(za exp(−z)), then
(a) ||A(f; r, · )||p [ ||f( · )||p, 1 [ p [.,
(b) ||A(f; r, · )−f( · )||p Q 0 as rQ 1− for 1 [ p <.,
(c) limrQ 1 − A(f; r, x)=f(x) almost everywhere in [0,.), 1 [ p [..
The symbol ||f||p is used here to denote the pth norm of a function f
defined on R+=[0,+.) with respect to the measure za exp(−z) dz.
Reference [4] also considered the Poisson integral of a function
f ¥ Lp(exp(−z2)) for Hermite expansions defined by
B(f)(r, x)=B(f; r, x)=F.
−.













and Hn is the nth Hermite polynomial. Muckenhoupt obtained the follow-
ing result: If f ¥ Lp(exp(−z2)), then
(a) ||B(f; r, · )||p [ ||f( · )||p, 1 [ p [.,
(b) ||B(f; r, · )−f( · )||p Q 0 as rQ 1− for 1 [ p <.,
(c) limrQ 1 − B(f; r, x)=f(x) almost everywhere, 1 [ p [.,
where ||f||p denotes the norm in Lp(exp(−z2)) of a function f defined on R.
This note contains some estimates of the rate of convergence of the
Poisson integrals A(f), B(f). We state these estimates using the moduli of
continuity, severally for A(f) and B(f). We believe that the direct cal-
culations in the case of the Hermite polynomials are more useful than those
obtained via the formulas connecting the Hermite and Laguerre polyno-
mials. We prove also the Voronovskaya type theorem (see [1]) for oper-
ators A(f) and B(f) and we indicate boundary value problems related to
these operators.
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2. AUXILIARY RESULTS
In this section we shall give some properties of the above operators,
which we shall apply to the proofs of the main theorems.
First we prove


































K(r, x, z) za exp(−z) dz=1, (2)
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we obtain, from (1) and by elementary calculations, the assertion of
Lemma 2.1.

























P(r, x, z) Hn(z) exp(−z2) dz=rnHn(x),
F.
−.
P(r, x, z) exp(−z2) dz=1,
we can prove
Lemma 2.2. For each x ¥ R we have
B(1; r, x)=1,
B(z; r, x)=rx,
B(z2; r, x)=r2x2+12 (1−r
2),
B(z3; r, x)=−32 r
3x+r3x3+32 rx,
B(z4; r, x)=34 r
4−3r4x2+r4x4− 32 r
2+3r2x2+34 .
Applying Lemma 2.1 and Lemma 2.2 it is easy to prove the following
two lemmas.
Lemma 2.3. For each x ¥ R+ the following equalities hold
A(z−x; r, x)=(1−r)(1+a−x),
A((z−x)2; r, x)=(1−r){x2(1−r)+2(a+2) rx−2(a+1) x
+(a+2)(a+1)(1−r)},
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Lemma 2.4. For each x ¥ R
B(z−x; r, x)=−x(1−r),
B((z−x)2; r, x)=(1−r){x2(1−r)+12 (r+1)},
B((z−x)4; r, x)=(1−r)2 {(r−1)2 x4−3(r2−1) x2+34 (r+1)
2}
holds.
The above lemmas yield immediately Lemma 2.5 and Lemma 2.6.
































3. RATE OF CONVERGENCE
In this part we shall state some estimates of the rate of convergence of
the integrals A(f) and B(f). We shall use the classical modulus of conti-
nuity defined by
w(f, d)= sup
0 [ t [ d
x ¥ Q
|f(x+t)−f(x)|,
where Q=R+ or Q=R, respectively.
We shall apply the method used in [1, 2].
RATE OF CONVERGENCE OF POISSON INTEGRALS 117
Theorem 3.7. Let f ¥ C(R+) 5 Lp(za exp(−z)). Then
|A(f; r, x)−f(x)|
[ 3w(f,`(1−r)((x2+a2+3a+2)(1−r)+2x((a+2) r−a−1)))
for 0 < r < 1 and x \ 0.









K(r, x, z) za exp(−z)(f(z)−f(x)) dz :
[ F.
0





K(r, x, z) za exp(−z) |z−x| dz
[ sup
[0,+.)





for 0 < r < 1, x \ 0, where j(z)=(z−x)2.

















f(x+y) dy, d > 0, x \ 0.
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This implies that fd is continuously differentiable on [0,+.). Moreover
sup
[0,+.)
|f(x)−fd(x)| [ w(f, d), sup
[0,+.)
|f −d(z)| [ d−1w(f, d). (3)
Observe that
|A(f; r, x)−f(x)| [ |A(f−fd; r, x)|+|A(fd; r, x)−fd(x)|+|fd(x)−f(x)|.




By (3) we have
|A(f−fd; r, x)| [ A(|f−fd |; r, x) [ sup
[0,+.)
|f(z)−fd(z)| [ w(f, d),








for 0 < r < 1, x \ 0 and d > 0.
Setting d=`(1−r)((x2+a2+3a+2)(1−r)+2x((a+2) r−a−1)) we
obtain the assertion of Theorem 3.7.
Similarly we can prove the following theorem for the operator B(f).
Theorem 3.8. Let f ¥ C(R) 5 Lp(exp(−z2)). Then
|B(f; r, x)−f(x)| [ 3w(f,`(1−r)(12 (r+1)+x2(1−r)))
for 0 < r < 1 and x ¥ R.
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4. THE VORONOVSKAYA TYPE THEOREMS
Theorem 4.9. Let x ¥ [0,+.). If f ¥ C(R+) 5 Lp(za exp(−z)), f is of





[A(f; r, x)−f(x)]=(1+a−x) fŒ(x)+xfœ(x). (4)
Proof. Let
k(z, x)=˛f(z)−f(x)−(z−x) fŒ(x)− 12 fœ(x)(z−x)2(z−x)2 for z ] x,
0 for z=x.
(5)




and the function k is continuous on [0,+.) as a function of z only.
From (1), (5), and Lemma 2.1 we get
A(f(z); r, x)−f(x))=fŒ(x) A(z−x; r, x)+12 fœ(x) A((z−x)2; r, x)
+A(k(z, x)(z−x)2; r, x). (6)
Using the Hölder inequality we obtain
|A(k(z, x)(z−x)2; r, x)| [ (A(k2(z, x); r, x)) 12 (A((z−x)4; r, x)) 12. (7)








A(k2(z, x); r, x) — lim
rQ 1 −
A(j(z, x); r, x)=j(x, x)=0. (8)





A(k(z, x)(z−x)2; r, x)=0. (9)
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[A(f; r, x)−f(x)]=(1+a−x) fŒ(x)+xfœ(x).
This ends the proof of (4).
In a similar fashion, using Theorem 3.8 we can prove the following
Voronovskaya theorem for operator B(f).
Theorem 4.10. Let x ¥ R. If f ¥ C(R) 5 Lp(exp(−z2)), f is of the class








5. BOUNDARY VALUE PROBLEMS
In this section we indicate boundary value problems related to the ope-
rators A(f) and B(f).
Theorem 5.11. If f ¥ Lp(za exp(−z)), then A(f) is of the class C. in










Proof. Let 0 < r1 < r2 < 1 and 0 [ C1 < C2. Consider the set
D(r1, r2, C1, C2)={(r, x): r1 < r < r2, C1 < x < C2}.









“rn“xm K(r, x, z) f(z) z
a exp(−z) dz (10)
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is a linear combination of integrals of the form
F.
0







2 f(z) za exp(−z) dz,
where y \ a, b \ 0, c, m, n ¥ R.
By induction we have
22kk! C(n+k+1) \ C(n+1)(2k)!













|Iy(z)| [K1 1 z22y exp 2z















exp(−az+b`z ) zb |f(z)| za exp(−z) dz
for (r, x) ¥ D(r1, r2, C1, C2), where a, b, and K2 are positive constants.
By the Hölder inequality we get
F.
0
zb exp(−az+b`z) |f(z)| za exp(−z) dz
[ 1F.
0
zqb+a exp(−aqz+bq`z−z) dz2 1q ||f||p,
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where 1p+
1
q=1. This implies that
:F.
0







2 f(z) za exp(−z) dz :
[K2 1F.
0
zqb+a exp(−aqz+bq`z−z) dz2 1q ||f||p
for (r, x) ¥ D(r1, r2, C1, C2).




is convergent, hence the integral (10) is uniformly convergent on









“rn“xm K(r, x, z) f(z) z
a exp(−z) dz.
Consequently, the function A(f) is of class C. in D.








in D for every z ¥ (0,+.). This completes the proof of Theorem 5.11.
Corollary 5.12. If f ¥ Lp(za exp(−z)), then the function A(f) is a







“x2 =0 in D,
lim
rQ 1 −
u(r, x)=f(x) almost everywhere in [0,+.).
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Corollary 5.13. If f ¥ C(R+) 5 Lp(za exp(−z)), then the function







“x2 =0 in D,
lim
rQ 1 −
u(r, x)=f(x), x ¥ [0,+.).
For B(f) we obtain similar results:
Theorem 5.14. If f ¥ Lp(exp(−z)2), then B(f) is of the class C. in the









Corollary 5.15. If f ¥ Lp(exp(−z2)), then the function B(f) is a







“x2 =0 in D,
lim
rQ 1 −
u(r, x)=f(x) almost everywhere.
Corollary 5.16. If f ¥ C(R) 5 Lp(exp(−z)2), then the function B(f)







“x2 =0 in D,
lim
rQ 1 −
u(r, x)=f(x), x ¥ R.
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